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Abstract. We improve the previously best known lower and upper bounds on the number rig of 
numerical semigroups of genus g. Starting from a known recursive description of the tree T of 
numerical semigroups, we analyze some of its properties and use them to construct approximations 
of T by generating trees whose nodes are labeled by certain parameters of the semigroups. We then 
translate the succession rules of these trees into functional equations for the generating functions 
that enumerate their nodes, and solve these equations to obtain the bounds. Some of our bounds 
involve the Fibonacci numbers, and the others are expressed as generating functions. 

We also give upper bounds on the number of numerical semigroups having an infinite number 
of descendants in T . 

1. Introduction 

A numerical semigroup is a subset A of the non-negative integers Nq which contains 0, is closed 
under addition, and such that No \ A is finite. The elements in Nq \ A are called gaps, and the 
number of gaps is called the genus of A, usually denoted by g. In this paper we are concerned with 
the number Ug of numerical semigroups of genus g. The sequence Ug has been studied in [U [2]. 
In [1], Bras-Amoros gives the following bounds for g > 2: 

(1) 2Fg <ng <l + 3- 2a-\ 

where Fi is the Fibonacci sequence starting with _Fo = Oi = 1- The main purpose of this paper 
is to improve both these bounds. In ^ it is conjectured that 

(2) hm ^ = 

g-+oo Ug 

where cj) = is the Golden ratio; in other words, the numbers Ug grow exponentially at the same 

rate as the Fibonacci numbers. 

The largest gap / of A is called the Frobenius number. The elements of A in increasing order are 
denoted by = Aq < Ai < A2 < . . . , and Ai is called the multiplicity of A. 

It is well known that / < 2g. Indeed, if 2g ^ A, then A would contain at least g of the numbers 
{1, 2, . . . , 2(7 — 1}, so by the Pigeonhole principle, either 5 g A or A would contain one of the pairs 
{i,2g — i}, 1 < i < g — 1, which would imply that 2g € A. A similar argument shows that a € A for 
all a > 2g + 1, and that every a > 2g + 2 can be written as the sum of two nonzero elements of A. 

It is also well known that every numerical semigroup has a unique minimal (and finite) set of 
generators. If we denote by /ii < /i2 < • • • < i-J-m the minimal generators of A, the last sentence of 
the previous paragraph implies that Hi < 2g + 1 for all i. It is also clear that ^1 = Ai, and that 
™ < Ai, since the minimal generators must be in different residue classes modulo Ai. Following 
the terminology from [3], we call an effective generator if /i; > /. If /ir+i,Mr+2, ■ ■ • , /^m are the 
effective generators of A, we write A = (/xi, . . . , . . . , /im)- We denote by e = e(A) = m — r 

the number of effective generators. An effective generator fij is said to be strong if /ii + fij is a 
minimal generator of A\ {^j}, and it is called weak otherwise. Additionally, we say that an effective 
generator is very weak if /xi + jij > 2*7 -I- 3, and that it is healthy otherwise. Note that very weak 
generators are in particular weak, since any minimal generator of A\ {/ij} must be less than or equal 
to 2{g + 1) + 1. For example, A = (6, 9|13, 14, 16, 17) has genus g — 9 and e — A effective generators, 
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of which 13 and 14 are strong (and thus heahhy), 16 is weak but healthy, and 17 is very weak (and 
thus weak). 

A generating tree for all numerical semigroups is described in [1], using a construction from 
The root of the tree is the semigroup No, and for each numerical semigroup A of genus g > 1 and 
Frobenius number /, its parent is defined to be the numerical semigroup A U {/}, which has genus 
g — 1. The nodes at distance g from the root correspond then to the Ug numerical semigroups of 
genus g (see Figure [T]). It is easy to check that the children of a numerical semigroup in this tree 
are obtained by removing its effective generators one at a time. In our notation, the children of 
A — . . . , . . . , ^ir+e) are A \ 1 < i < e. It will be more convenient for us to 

consider the tree T that is obtained from this one by removing the root No. The root of T is then 
the semigroup {0, 2, 3, . . . } = (|2, 3), of genus 1. The nodes at distance .g — 1 from the root (i.e., the 
numerical semigroups of genus g) are said to be at level g in T. 




(2111) 



(3,5|) (3|7,8) (4,5,6|) (4,5|7) (4|6,7,9) 



(3,7|11) 
(3|8,10) 



(4,5|11) 



(4,6,7|) 
(4,6|9,11) 
(4|7,9,10) 



(15,6,7,8,9) 



(5,6,7,81) (5,6,7|9) 
(5,6|8,9) (5|7,8,9, 11) 
(16,7,8,9,10,11) 



Figure 1 . The first five levels of the tree T. 

In the rest of the paper, the word semigroup will always refer to numerical semigroup. For each 
5, the semigroup Og = {0, 5 + 1, .g + 2, g + 3, . . . } = (I5 + 1, .g + 2, . . . , 2g + 1) is called ordinary. Note 
that Og has genus g and e{Og) = g + \. Some facts about the children of nodes in T are studied 
inn. 

Lemma 1.1 ([T]). (a) For g > 1, the children of the ordinary semigroup Og are 

'Og+i - (|.g + 2,g + 3,...,2g + 2,25 + 3), 
< (5 + l|.g + 3,.g + 4,...,25 + l,25 + 3), and 
{g + 1, g + 2, . . . , g + i - l\g + i + 1, g + i + 2, . . . ,2g + 1) for 3 < i < g + 1, 

which have 5 + 2, g, and g — i + 1 (for 3 < i < g + I) effective generators, respectively. 
(b) Let A — (/ii, . . . ,|lr\^J■r+l, ■ ■ ■ , fJ-r+e) be a non-ordinary semigroup. For I < i < e, its child 
A\ {/Xr+i} is the semigroup 

(/il, . . . ,/ir+i-l|^r+j+l, ■ • ■ ,l^r+e) 

( which has e — i effective generators ) if weak generator of A, and it is the semigroup 

(/il, . . . , ^r+i~l\l^r+i+l, ■ ■ ■ , l^r+e, Ml + fr+i) 

(which has e ~- i + 1 effective generators) if fir+i is a strong generator of A. 

In the last part of the above statement, the inequality fj-r+e < Mi + Mr+i follows from the fact 
that Mr+e — ^.i ^ A, so Mr+e ~ Ml ^ / < Mr+i • As a consequence of Lemma II .li if a non-ordinary 
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semigroup has e effective generators, then the numbers of effective generators of its children in T are 
ji, j2 ■ ■ ■ ,3e, with each G {i — 1, «}. For the ordinary semigroup Oe-i with e effective generators 
(assume e > 2), the numbers of effective generators of its children are 0, 1, . . . , e — 3, e — 1, e + 1 
(where e + 1 corresponds to the child Oe)- 

The method used in [1] to derive the lower bound on Ug from equation ([1]) can be summarized 
as follows. Consider the generating tree A with root (2) and succession rules (which recursively 
describe the children of each node) 

Je) (0)(l)...(e~3)(e-l)(rTT), 
(e) ^ (0)(l)...(e-l). 

The tree A can be embedded in T, that is, there is an injective map ip from the nodes of A to the 
nodes of T fixing the root and such that if x is a child of y in A, then ip{x) is a child of ^p{y} in T. 
Such a map can be constructed recursively level by level so that each node (e) in A is mapped to 
the semigroup Oe-i in and each node (e) is mapped to a non-ordinary semigroup with at least 
e effective generators. We use the notation A <T to indicate that A can be embedded in T. Now 
the lower bound follows by proving inductively that A has 2Fg nodes at level g. Similarly, the upper 
bound from equation ([T]) is derived in [Tj by considering the tree B with root (2) and succession rules 

Je) (0)(l)...(e-3)(e-l)(7TT), 
(e) (l)(2)...(e), 

which has 1 + 3 • 2^~^ nodes at level g and satisfies T 

In Section [2] we give lower bounds on the number Ug of numerical semigroups of genus g. First 
we improve the known 2Fg bound from [1] to — 1, and then we use a more sophisticated 

argument to further improve it. In Section [3] we give an improved upper bound on Tig, constructing 
a generating tree with unusual succession rules. Finally, in Section 0] we give two upper bounds on 
the number of numerical semigroups of genus g with an infinite number of descendants in T, one 
involving the Fibonacci numbers and the other in terms of the numbers Ug. 

We will be using generating functions in many of the proofs to enumerate the nods of generating 
trees. The variable t will always mark the level of a node in the tree, which corresponds to the genus 
of a semigroup. If A{t) = X]g>i "g^®; then [i3]A(i) = denotes the coefficient of in A[t). 

2. Improved lower bounds 
2.1. A simple bound. For g >1 and i > 3, let 

Pg,^ ^ (.g + l|,g + i,.g + i + l,...,d(gTl),...,25 + i), 

where the hat indicates that d{g + 1) is missing, and d is the unique integer such that g + i < 
d{g + 1) < 2g + i. Clearly Pg i has genus g + i — 2 and g effective generators. Part (a) of Lemma [TTT] 
shows that Pg_3 is a child of Og in T . Also, removing the smallest effective generator of Pg^i we get 
Pg^i+i, so Pg,i+i is a child of Pgs- In particular, the numbers of effective generators of the children 
of Pg^i in T are ji, ^2, • ■ • , jg-i,g, where each jk S {k—\,k}, and g corresponds to the child Pg^^+i. 
This additional information can be used to improve the lower bound ([1]) on the number of numerical 
semigroups of a given genus. 

Proposition 2.1. For g > I, we have Ug > Fg^2 — 1- 

Proof. We modify the generating tree A described in Section [1] by allowing special labels (g) for 
the semigroups Pg_,;, so that the children of (g) are now labeled (0)(1) . . . (g — 2)(g). Let A' be the 
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generating tree with root (2) and succession rules 







- (o)(i). 


..(e- 


3)(e-l)(e + l). 


(3) 




- (o)(i). 


..(e~ 


2)(^), 






- (o)(i). 




1). 



Clearly A' -< T, so if £g is the number of nodes in A' at level g, we have Ug > £g. 

To find £g, consider the generating functions F{u,t), F{u,t), and F{u,t), where the coefficient of 
u'^t^ is the number of nodes in A' at level g and label (e), (e), and (e), respectively. Then £g is the 
coefficient of ts in L{t) := t) + t) + t). 

We have that 

F{u,t) = u^t + u^t^ H = 



since there is a node g + 1 at each level g > 1, corresponding to the ordinary semigroup Og. To find 
an equation for F{u,t), note from the rules ^ that nodes (e) at level g + 1 are children of nodes 
(e) and (e + 1) at level g, so 

F(u,t) = t ( F(u,t) + -F(u,t) 
V " 

from where 

F{u,t) 



{l-t){l-ut)' 

Finally, to obtain an equation for F{u,t), we see from the succession rules that each term u'^t^ of 
F(u, t), F{u, t), and F{u, t) contributes to the coefficient of t^~^^ in F{u, t) a,s 1 + u + ■ ■ ■ + u'^^^ = 
(m"^^^ — - 1), [u'^^^ — — 1), and (w^ — — 1); respectively, so 

^ / 1 — . ^ — . X 1 

— F{u,t)-F{l,t) + -_ 
u — 1 V u 



F{u, t) = ( —F{u, t) - t) + -F{u, t) - F{1, t) + F{u, t) - t) 



Substituting the known expressions for F{u,t) and F{u,t), we get 



u-lj ^ ' u-l\ ' ' ' (l-ui)(l-t) 
The kernel of this equation is canceled by setting u ~ I +t, from where we get 

The series expansion of L{t) gives the lower bound £g = Fg^2 ^1- D 

2.2. A better bound. We can further analyze the semigroups Pg^i to obtain more information 
about their descendants in T. 

Lemma 2.2. The strong generators of Pg^k+i are 

'{g + k+l,g + k + 2,...,g + 2k} tf 2 < k < \g/2'], 

{g + k + l,g + k + 2,...,2f+%...,g + 2k} if\g/'2\ <k<g, 

{5 + fc + l,.g + fc + 2, . . . ,d(5Tl), . . . ,2.9 + fc + 1} if k > g. 

Note that in the three cases above, the number of strong generators of Pg^k+i is fc, fc — 1, and g, 
respectively. 

Proof If 2 < A: < g, then Pg^k+i = {g + l\g + k + 1, g + k + 2, . . . , 2f+2, . . . ,2g + k + 1), and we 
have Ai = 17+1, A2 = g + k + 1. The strong generators are the elements g + j with k + 1 < j < 2k 
(with the exception of 2g + 2 in the case that fc > [g/2] ). Indeed, ii 11 = g + j with fc + 1 < j < 2k, 
then Ai + = 2g + j + 1 is a minimal generator of Pg^k+i \ {m}? since in order to write 2g + j + 1 
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as a sum of two positive integers, one would have to be strictly less than A2 = .9 + fc + 1. On the 
other hand, if 2fc + 1 < j < g + fc + 1, then Xi + = 2g + j + 1 = {g + k + 1) + (g + j - k), but 
g + k + l,g + j — k^ Pg,k+i \ {m}, so Ai + /z is not a minimal generator. 

A similar argument shows that ii k > g then all the effective generators of Pg,k+i are strong. □ 

To improve the bound from Proposition [Til instead of the labels (g) used in A' , we will create a 
special label {g)f, for each semigroup Pg,k+i hi order to keep track of the number of strong generators. 
We will also use the following result that relates strong generators of a numerical semigroup with 
strong generators of its children in T. 

Lemma 2.3. Let A be a non-ordinary semigroup, let X < fi be effective generators, and assume that 
fj, is a strong generator of A. Then /i is a strong generator of A \ {A}. 

Proof. Let Ai be the multiplicity of A. Since A is not ordinary, A 7^ Ai, so Ai is also the multiplicity 
of the semigroup A \ {A}. Now since /i + Ai is a minimal generator of A, it must be a minimal 
generator of A \ {A} as well. □ 

Theorem 2.4. For g > I, we have Ug > ag, where 

^ g_ t {1 ~ t^ ~ 2t^ - Sf^ + t'^ + 2t^ + M'^ + 3t^ + t^) 

~ (1 + - t)(l - t - f2)(l - t - i3)(l - <3 - 2t* - 2i5 - t^) ■ 



The first few values of Og are given in Table [TJ 

Proof. We will construct a generating tree A" with A" -< T and then count the number of nodes in 
A" at each level. Two kinds of nodes in A" will correspond directly to nodes in T: a node labeled 
{g + 1) for each ordinary semigroup Og, and a node labeled (5)^ for each semigroup Pg^k+i- The 
remaining nodes of A" will be labeled with a pair (e, s), where e and s will be lower bounds on the 
number of effective and strong generators, respectively, of the corresponding semigroups in T. 

It is easy to check that for 3 < i < g+l, the child {g+1, g+2, . . . , g+i—l\g+i+l, g+i+2, . . . , 2g+l) 
of Og has no strong generators. On the other hand, recall that the genus of Pg,k+i is g + fc — 1, and 
that its number of strong generators is 

{k if 2 < fc < [g/2], 

fc - 1 if \g/2] <k<g, 
g if fc > g, 

by Lemma [2^ 

The key fact needed in the construction of A" is the following observation, which is a consequence 
of Lemmas ll.lf b) and 12.31 For a non-ordinary semigroup A = {fii , . . . , /i,- , . • . , Mr+e) hi which 
Hr+i,fJ.r+2, • ■ • , t^r+s are strong generators, each child A\{nr+t} = (mii ■ • ■ , Mr+i-ilMr+i+i, • ■ • , ^J.r+e,^J.l + 
fj-r+i) with 1 < i < s has e — i + 1 effective generators and at least s — i strong generators 
fir+i+i, ■ ■ ■ ^fJ^r+s, while each child A \ {^r+i} with s < i < e has either e — iore — i + l effec- 
tive generators (depending on whether ^r+i is strong). 

Let A" be the generating tree with root (2) and succession rules 

^ ^ (0,0)(l,0)...(e-3,0)(e'^2(^TT), ^ 
(5) (e)^ (0,0)(l,0)...(e-s-l,0)(e-s + l,0)(e-s + 2,l)...(e-l,s-2)(7),_,i, 

where s = s(e, fc), 

(e,s) — y (0,0)(l,0)...(e-s-l,0)(e-s-Hl,0)(e-s-^2,l)...(e,s-l). 

The first five levels of A" are shown in Figure [21 

The above observation shows that A" -< T, since one can recursively construct an embedding of 
A" into T such that each (e) is mapped to Oe-i, each (e)^ is mapped to P^^k+i, and every node 
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(0,0) (0,0) (2,0) (3)3 (0,0) (1,0) (2,0) (4)2 (6) 



Figure 2. The first five levels of the generating tree A". 



(e, s) in A" is mapped to a semigroup in T with at least e effective generators and at least s strong 
generators. 

If we let ag be the number of nodes of A" at level g, then rig > Ug. Next we find an expression 
for the generating function J2g>i o,gt^ ■ Let F{u,t) = J2g>i u^'^^t^ — be again the generating 
function for ordinary semigroups where u marks the number of effective generators, and let 



H{u, V, t) = 



E 

g>l,fc>2 



be the generating function for the semigroups Pg^k+i: where the variables m, and t mark the 
number of effective generators, the number of strong generators, and the genus, respectively. For 
fixed 5 > 2, letting 7 — \g/2\ , the coefficient of in H{u, v, t) is 



Hg{v,t) = ^v<a.k)^g+k^i 



k>2 



Vt-l 



1-t 



by equation (jH). Including also the semigroups Pi.fc+i, we have 



H{u, V, t) 



uvt^ 



1-t ^ 

g>2 



^ Ug{V,t)ua — 



(1 - ut){l - u'^vt^){l -t){l- uvt^) 



Now let G{u, V, t) be the generating function where the coefficient of u'^v'^t^ is the number of nodes 
in A" at level g with label (e,s). To get an equation for G in terms of F, G and H, we use the 
succession rules (O to express the coefficient of t^^^ in G{u, v, t) in terms of the coefficients of in 
the three generating functions. From the first succession rule we see that each term u'^t^ in F{u,t) 
contributes as 1 + u + ■ ■ ■ + u'^~^ = (u'^"^ — l)/(u — 1) to the coefficient of t^^^ in G{u,v,t). The 
third succession rule shows that each term u'^v^t^ in G{u,v,t) contributes to the coefficient of t^~^^ 
as 



— 1 u'^'^ v'^ — 



u- 1 



uv — 1 
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Similarly, from the second succession rule, each term u'^v'^t^ in H{u,v,t) contributes as 



u — 1 uv — 1 

to the coefficient of t^^^ in G{u,v,t). Combining the three contributions, we get the following 
functional equation for G. 



(6) Giu,v,t)^t 



F(u,t)/u^ - F(l,t) G(u,l/u,t)-G(l,l,t) G(u,v,t)-G(u,l/u,t) 
' ' u- 



u — 1 u ~ 1 uv — 1 

H{u,l/u,t) - H{l,l,t) H{u,v,t)/v - uH{u,l/u,t) 



u — 1 uv — 1 



where F and H are known. Collecting the terms with G{u, v, t), the kernel l~ut/ (uv — l) is canceled 
by setting v — This leaves an equation involving only G{u, l/u,t) and G(l, 1, t), with kernel 

t/{u — 1) — 1. Setting u = t + 1 to cancel the kernel, we obtain 

^.^ ^ ^, _ t^{l - t2 - - + 2t^ + 5f + 6t» + 4t9 + t^°) 
G(l, 1, t) 



(1 + t){l - i)2(l - t - i2)(l _ t - i3)(l -t3- 2*4 _ 2*5 - i6) " 

Finally, our sought generating function is 

^agts = t) + H{1, 1, t) + G(l, 1, t). 

!?>1 

Note that if it were necessary, an expression for G{u, v, t) could easily be found by first recovering 
G(u, l/u,t) and then substituting back in equation □ 

It is easy to refine the above proof by keeping track of the multiplicity of the semigroups. Clearly, 
the only numerical semigroups whose multiplicity Ai is larger than the Frobenius number (and thus 
an effective generator) are the ordinary semigroups. It follows that the multiplicity of a semigroup is 
passed on to its children in T, with the only exception of the child Og+i of Og. Adding a new variable 
w that marks the multiplicity, a proof analogous to that of Theorem 12.41 produces the generating 
function 

w'^t[l - Wt^{l +t + t'^ -t^)- w'^t^il + t){l +t + t^)+ W^f^il +tf{l+t + *2)] 
(1 - - Wt{l + t)] [1 -Wt^{l+t + t2)] [1 - wH^l +t){l+t + t^)] 

whose coefficient of w^^t^ gives a lower bound on the number of numerical semigroups of genus g 
and multiplicity Ai. 

3. An IMPROVED UPPER BOUND 

Whereas the key to the lower bounds in the previous section was to keep track of strong generators, 
in this section we obtain an upper bound on Ug by keeping the number of healthy generators under 
control. 

Lemma 3.1. Let A — (/ii, . . . , iir\fJ-r+i, ■ ■ ■ , l-Jr+e) be a non-ordinary semigroup where the genera- 
tors fJ.r+i are healthy for 1 < i < h and very weak for /i + 1 < i < e. Then the number of healthy 
generators of A \ {^r+i} is 

< min{/i — 1 + 2, e — 1 + 1} for 1 < i < h, 

< min{l, e — ft. — 1} for i = h + 1, 
fori>h + 2. 
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1272250 
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33 
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34 
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14930351 


23338153 


40761087 
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6442450945 


35 


18454930 


24157816 


37863301 


66687201 


3866902804 


12884901889 



Table 1. The values for 5 < 35 of the new and previously known bounds on the 
number Ug of numerical semigroups: 2Fg < Fg+2 ^ l<ag<'T'g<Cg<l + 3- 2^^^. 



Proof. Let 1 < i < e, and denote = A \ {fir+i]- We know by Lemma 11.11 that the effective 
generators of A,; are ^r+i+i, ^^r+i+2, ■ ■ ■ ifJ-r+e, plus + fir+i if Mr+i is a strong, which can only 
happen for i < h. Thus, e ~ i + 1 (resp., e — i) is an upper bound on the number of effective 
generators if i < /i (resp., i > ft,), so in particular it is an upper bound on the number of healthy 
generators. 

Let g be the genus of A. For 1 < j < e, the generator fir+j is healthy in A if fir+j < + 3 — /ii 
by definition. Since the genus of A^ is (7 + 1, healthy generator of A.; if j > z and 

fir+j < 25 + 5 — /ii. When i < h, it follows that aside from ^r+i+i, ■ • ■ , ^'r+h, which were 

already healthy in A, the only possible new healthy generators of Aj are fj,r+h+i, and 
/^i + iir+i- For all three to be healthy in A^, they would need to satisfy 2g + 3 — iii < j-ir+h+i < 
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fJ'r+h+2 < Ml + l^r+i l£ 2g + 5 — /ii- Thus, has at most two new healthy generators aside from the 
h — i generators that were already healthy in A. 

For i = h + 1, neither fir+h+i nor fii + fj,r+h+i are generators of A^, so the only possible healthy 
generator is /ir+/i+2- For i > h + 1, A; has no healthy generators. □ 

Theorem 3.2. For g > I, we have Ug < Cg, where 

+2 I qj-4 0+5 I j-Zi J- 4-3 



^^^^ 2(1 - 3i + 3i2 - 3*3 + 4^4 - 3t^ + 2t^) ' 

g>l 



The first few values of Cg are given in Table [T] Note that this generating function has two 
singularities at 1/2 and —1/2. Standard singularity analysis techniques from Chapter VI] show 
that the coefficients Cg grow asymptotically like 2^ / y^ng. This is far from the asymptotic behavior 
that is implied by equation ([2]), from where one should expect that limg^aoingY^^ ~ 4>. 

Proof. We will construct a generating tree C with T < C and then count the number of nodes in C 
at each level. Aside from the nodes (g + 1) that correspond to ordinary semigroups Og, the other 
nodes of C will have a pair of labels (e, h), where e and h will be upper bounds on the number of 
effective and strong generators, respectively, of the corresponding semigroups in T. 

Let us first look at the number of healthy generators of the non-ordinary children of Og. For 
(? > 1, the child (g + Ijg + 3, g + 4, . . . , 25 + 1, 2g + 3) has two healthy generators (7 + 3 and 3 + 4. 
For g > 2 and 3 < i < 5 + 1, the child + 1, 5 + 2, . . . , 5 + i - l|g + i + 1, 5 + i + 2, . . . , 2^ + 1) has 
one healthy generator g + i + 1 ii i = i, and no healthy generators otherwise. 

Let C be the generating tree with root (2) and succession rules 

Je) > (0,0)(1,0) . . . (e - 4,0)(e - 3,min{l,e - 3})(e - l,min{2,e - l})(e + 1), 

(e,/i) — > (0,0)(l,0)...(e-/i-2,0)(e-/i-l,min{l,e-/i-l}) 

(e - /i + 1, min{2, e - /i + l})(e - /i + 2, min{3, e-h + 2}) .. . (e, min{/i + 1, e}). 

From Lemmas II ■iT b') and l3.1l it follows that T -<C. Indeed, an embedding from T to C can be given 
so that each every non-ordinary semigroup in T with e' effective generators and h' healthy ones is 
mapped to a node (e, h) with e' < e and h' < h. 

Letting Cg be the number of nodes at level g in C, we have that rig < Cg. To find a generating 
function for the sequence Cg, it will be convenient to relabel each node (e, h) of C with the pair (d, h), 
where d = e — h. With this new labeling, the above succession rules for C can be rewritten as 



■ (0, 0)(1, 0) . . . (e - 4, 0)(e - 4, l)(e - 3, 2)(e + 1) if e > 4, 
(7) (e) <; (0,0)(0,2)(4) if e = 3, 

(0,1)(3) ife = 2, 

■(0,0)(1,0).. .(d- 2,0)(d- 2,l)(d- l,2)(d- 1,3) . . . (d - 1, /i + 1) if d > 2, 
iS)id,h) — > <( (0,0)(0,2)(0,3)...(0,/i+l) ifd=l, 
(0, l)(0,2)...(0,/i) ifd = 0. 

Figure [3] shows the first five levels of C with the new labels. 

Let K{x,v,t) be the generating function where the coefficient of x'^v^t^ is the number of nodes 
in C at level g with label {d,h), and let Kd{v,t) — [x'^]K{x,v,t), that is, Kd{v,t) is a generating 
function for the nodes {d, h) with fixed d> 0. Clearly, 

^^Cgt^ =K{l,l,t)+ ^ 



9>1 



1-t 
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(2) 




(0,1) (0,1) (0,2) (0,0) (0,1) (1,2) (5) 




(0,1) (0,1) (0,1) (0,2) (0,1) (0,0) (0,2) (0,3) (0,0) (1,0) (1,1) (2,2) (6) 

Figure 3. The first five levels of the generating tree C. 



counts the total number of nodes in C at each level, since F{\,t) — is the generating function 

for the nodes with labels of the form (e). 

We now use the succession rules ([7]) and ([5]) to get an equation for Kd{v,t) for d > 1. Since 
the second and third cases of rule ([8]) yield only labels of the form (0,*), we just need to look 
at the first case of rule ([8]). We see that the coefficient of t^^^ in Kd{v,t) gets a contribution of 
v"^ + + ■ ■ ■ + v''^^^ ~ v'^{v''^ — 1) /{v — 1) from each term v''-t^ in Kd+i{v, t), plus a contribution of v 
from each v'H^ in Kd+2{v, t), and a contribution of from each v'H^ in Ki{v, t) for every i > d + 2. 
Similarly, the first case of rule ([7]) shows that the coefficient of t^~^^ in Kd{v, t) gets a contribution 
of from each node labeled {d + 3) at level g (there is exactly one such node when g = d + 2), a 
contribution of v from each node labeled {d + 4) at level g (this happens when g = d + 3), and a 
contribution of from each node at level g labeled (e) with e > d + 4 (there is one such node for 
each g > d + 3). Putting this together, we get the following functional equation for Kd{v,t) with 
d>l: 
(9) 



Kd{v, t) = t 



-^{Kd+l{v,t)-Kd+l{l,t)) + vKd+2{l.t)+ V if,(l,t)+t;V+2 + t,t'^+3 + ^ 

t; — 1 ^-^ 1 — t 

i>d+2 



Instead of an equation for each Kd, it would have been natural to seek a functional equation 
for K{x,v,t) (or for '^d>i-^d{v,t)x'^, since Ko{v,t) can be recovered at the end). However, such 
functional equation obtained from the succession rules ([7]) and ([5]) by the standard method also 
involves the unknown individual functions Ki(v, t) and K2{v, t), and it cannot be solved by applying 
the kernel method in the usual way. The cause of this problem is the fact that the right hand side 
of succession rule dH]) depends on the value of d. (Note that the dependance of rule ^ on the value 
of e does not cause trouble because we have control of where the nodes (e) with e = 2, 3 appear in 
the tree.) 

They key to solving equation ^ and overcoming this problem is to realize the following fact. 
Claim. For d > 2, Kd{v,t) ^tKd-i{v,t). 

To prove this, we will show that \t3]Kd{v,t) = [t3^^]Kd^i{v,t) by induction on g. It is easy to 
check that for g — 1, [t^]Kd{v,t) = = [t^~'^]Kd-i{v,t). Now, given g > 2, from equation ([9]) we 
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have 



i>d+2 

+ v'^Xg=d+3 + VXg=d+4 + Xg>d+4, 

where xe the indicator variable for the event E. By the induction hypothesis, the right hand side 
of the above equation equals 

{[ta-']Ka{v,t) - [ts-']Kd{l,t))+v[ta-^]Kd+,{l,t) + ^ [t^~'m{l,t) 

i>d+l 

+ v'^Xa=d+3 + VXg=d+4 + Xg>d+4, 

which equals [t^~^]Kd-i{v,t) again by equation ([9]), thus proving the claim. 

The claim implies that for d > 2, Kd{v,t) = t'^~^Ki{v,t). Plugging this into equation ([9]) with 
d = I yields an equation involving only Ki : 



Collecting the terms with Ki{v, t) we see that the kernel of the equation is 1 — v'^P/ {v — 1), which 
is canceled with the substitution v = Solving for iiri(l, t) we get 



^ ^ 1(1'*)- 2(1 -3t + 3<2 - 3t^ + 4t4 - 3f5 + 2i6) ' 

Now, to find Kq, we use again the succession rules ^ and ([8|) to get a functional equation for it. 
Looking at rule ([S]) for = 0, we see that the coefficient of in Kq^v^I) gets a contribution of 
v + v"^ + ■ ■ ■ + = v{v^ — l)/(u — 1) from each term v^t^ in Kq{v, t). The same rule for d = 1 shows 
a contribution oi + v"^ + + ■ ■ ■ + 1 + v'^{v^ — — 1) from each v'^t^ in Ki{v,t). The 

rule for d >2 reveals a contribution of v'^ from each v'^t^ in K^iv, t) with d> 2, plus a contribution 
of V from each v'^t^ in K2{v, t). Similarly, rule ([7]) shows that the coefficient of in KQ(v^t) gets 
a contribution of v from the node labeled (2) when g = 1, a contribution of + from the node 
labeled (3) when g = 2, a contribution of from each node at level g labeled (e) with e > 4 (there 
is one such node for each g >i), and a contribution of v from the node labeled (4) when g — i. All 
these contributions yield the following equation for KQ{v,t): 



{Ko{v,t) - KQ{l,t)) + (Xi(«,t) - Kiil,t))+Ki{l,t) 



V ~ 1 V — 1 



+ J2Kdil,t) + vK2{l,t) + vt+{l + v^)t^ + j-^+yt^ 

d>2 

Using equation ([TT|) and the fact that Kd{v,t) = t'^^^Ki{v,t) for d > 2, and canceling the kernel 

with V = 1/(1 — i), we obtain 

(12) 

^ -1 + t + 3t2 - 2t^ - 5t^ + 4<6 - 4f + (1 _ 3t + 3^2 _ _^ - t^)y/ (l + 2t)/{l - 2t) 

°^ ^ 2(1 -3t + 3t2 - 3t3 + 4^4 - 3*5 + 2t6) ■ 

Finally, from equations (fTT|) and (fT2|) and the fact that 

E^.*^-^o(M) + ^ + ^ 

we get the stated generating function. □ 
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4. Infinite chains 

An infinite sequence of numerical semigroups Aq = No, Ai, A2, . . . is called an infinite chain if 
each Ai is the parent of Ai+i in T. Clearly, numerical semigroup A belongs to some infinite chain if 
and only if it has an infinite number of descendants in T. Let T°° be the subtree of T consisting of 
the semigroups with an infinite number of descendants in T. With some abuse of notation, we write 
A G T°° if A is node in T"°. Let irig be the number of nodes of T°° at level g, that is, the number 
of semigroups of genus g with an infinite number of descendants in T. In this section we give upper 
bounds on nig . First we obtain a Fibonacci- like upper bound using an argument based on the work 
from the previous sections, together with the following observation. 

Lemma 4.1. Let A be a numerical semigroup with multiplicity Ai and e effective generators. If 
Ai > 2e, then A ^ T°° . 

Proof. First of all, note that the condition Ai > 2e forces A to be non-ordinary. Let g be the genus 
of A. Recall that every effective generator ^ of A must satisfy fi < 2g + 1. We fix Ai and proceed 
by induction on e. The result clearly holds when e = 0, since in that case A has no children. 

Let now A be a numerical semigroup with e > 1 effective generators Vi < ■ ■ ■ < and multiplicity 
Ai > 2e, and assume that no semigroup with multiplicity Ai and less than e effective generators 
belongs to T°° . Suppose for contradiction that A e T°°. All the children of A have less than e 
effective generators except possibly the child Ai := A \ {i^i}. Thus, A S T°° implies that Ai G T°°, 
and the effective generators of Ai are 1^2 < ■ ■ ■ < i^e < ^1 + t^i- By the same argument, one of the 
children of Ai must have infinitely many descendants, which forces the child A2 := Ai \ {1/2} to 
have effective generators < ■ ■ ■ < Ve < Ai -I- z^i < Xi + 1^2- After e steps, we get a child Ag of 
genus g + e with effective generators Ai + i^i < • • • < Ai + J^e- After ke steps we get a semigroup 
Ake of genus g + ke whose smallest effective generator is A;Ai -I- J^i . For sufficiently large k (take 
k > {2g -I- 1 — i^i)/{Xi — 2e)), we have that fcAi + vi > 2{g + ke) + 1, which contradicts the fact that 
kXi + vi is an effective generator. □ 

Proposition 4.2. For g > A, the number nig of numerical semigroups of genus g with an infinite 
number of descendants in T satisfies 

rUg < 2Fg_i. 

Proof. Let B be the tree described at the end of Section [TJ We now define a tree B' isomorphic 
to B by adding to the labels additional information about the multiplicity of the corresponding 
semigroups. Recall that the multiplicity of a non-ordinary semigroup equals the multiplicity of its 
parent. Let the root of B' be again (2), and let its succession rules be 

(A) (0, A)(l, A) ... (A - 3, A)(A - 1, A)(A + 1), 

(e,A) ^ (l,A)(2,A)...(e,A). 

In the same way that T can be embedded in B, there is an embedding of T into B' mapping each 
ordinary semigroup Og to (5 4- 1) and each non-ordinary semigroup in T with e effective generators 
and multiphcity A to a node (e'. A) in B' with e < e' . Restricting this map to T°°, the nodes (e. A) 
with 2e < A are no longer needed, so we get an embedding of T°° into the tree I with root (2) and 
succession rules 

(Aj ^ (rA/2l,A)(rA/2l +1,A)...(A-3,A)(A-1,A)(ATT), 
(13) (e,A) (rA/2l,A)(rA/2l +l,A)...(e,A). 

The first six levels of I are drawn in Figure U) 

Let dg be the number of nodes of I at level g. Since T°° < I, we have that nig < dg. To find 
the generating function for the sequence dg, let F{u,t) be defined as before, and let J{u,v,t) be 
the generating function where the coefficient of u'^v^t^ is the number of nodes in T at level g with 
label (e,A). In order to translate the rules (jl3|) into functional equations, it will be convenient to 
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(1,2) 



(1,2) (2,3) 




(1,2) (2,3) 



(1,2) (2,3) (2,4) 



(1,2) (2,3) (2,4) (2,4) (3,4) (3,5) (4,5) (3,6) (5,6) (7) 



Figure 4. The first six levels of the generating tree X. 



separate the terms in J{u,v,t) according to the parity of the exponent of w, so that J{u,v,t) = 
Je{u,v,t) + Jo{u,v,t), with e and o standing for even and odd. Also, let Fe{u,t) = i-u'^t'^ 
Fo{u,t) = so that F{u,t) = u'^t + u^t^ + ~Fe{u,t) + ~Fo{u,t). The coefficient of i^+i in 

Je{u,v,t) gets a contribution of u^^^'^^v^ + • • • + u'^v^ = " ^ ^ from each term u'^v'^t^ in 

Je(M, u, i), and a contribution of ur^/^Tw^ + • • • + u^^^v^ + w-^^^w^ = ^^~T;~r~~''"^ + u'^^'^f'^ from 
each term u^t^ in Fe{u,t). This does not include the term uv'^t^ coming from the first rule when 
A = 2. In terms of the generating functions, 

uJe{u,V,t) - Je{l,y/uV,t) F e{uV , t) / u"^ ~ F e{y/uV , t) — 



Je{u, V, t) = UV t + i 



-U- 1 



u-\ 



+ Fe{uv,t)/u 



Defining a new variable w — uv"^ and letting Je[u,w,t) — Je{u, ^Jwju^t) = Je{u,v, z), the equation 
becomes 



(14) 



Je{u, W, t) — Wt^ + t 



uJe{u, W, t) — Je(l, W, t) W t"^ {wt^ [1 — u) + u) 
U~l ^ (1 - UWt'^){l - Wt2) 



The kernel is canceled setting u = 1/(1 — t). Solving the resulting equation for Je{l,w,t) and 
substituting back in IM]) we get 

^^"''"'^^ " (l-«u;t2)(l-i-z^i2)- 
An expression for Jo{u,w,t) — Jo{u,v,t) can be obtain analogously. Finally, we get 

= Je(l,l,t) + Jo(l,l,i)+F(l,i)=*^^+^"^'"^'^ " ■ 

Note that for 1 < g < 4, c?g = 9 = rrig. 



□ 



The above bound can be significantly improved if we use the following result from 3 , which 
characterizes semigroups with an infinite number of descendants in terms of the greatest common 
divisor of the elements smaller than the Frobenius number. 
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Theorem 4.3 Let K be a numerical semigroup with genus g and Frobenius number f . Then, 

A e T°° if and only i/gcd(Ao, . . . , ^f-g) 7^ 1- 

This allows us to compare the number of semigroups in infinite chains with the total number of 
semigroups of each genus. 

Proposition 4.4. For g > 1, 

L(9-1)/2J 

rrig < 1 + {g - 1) ^ n^. 

i=0 

Proof. Given a non-ordinary numerical semigroup A G T°° with genus g and Frobenius number /, let 
d = gcd(Ao, Ai, . . . , A/_g). We know from Theorem 14.31 that d 7^ 1. Let A; — X Jd for < i < / — 5, 
let £ = lf /d\, and let 

A = {Ao,Ai,..., 

Then A is a numerical semigroup of genus g = g + £ — f- Note that since > 2, we have £ < //2, so 

3<,9+2-./ = .9- 2 

where in the last inequality we use that f > g + I for non-ordinary semigroups. 
Denoting g' = [{g — 1)/2J , this defines a map 

-Tg^MOg} 7^3- x{2,3,...,5} 

A ^ (A, d) 

where \ {Og} is the set of non-ordinary semigroups of genus g in infinite chains, and T<g' is the 
set of numerical semigroups of genus at most g' , including the semigroup of genus 0. Furthermore, 
this map is injective because given A and d, we can recover A by multiplying the elements of A by d, 
and adding all the missing integers greater than the g-th gap. Counting cardinalities it follows that 



1<(5-1)E 



g 

Hi 
i=0 

□ 



Even though for small values of g the bound from Proposition [472] is smaller. Proposition ^. 41 gives 
a better asymptotic bound using the fact that limg^oo(^g)^^^ < 2. 

Corollary 4.5. We have 

lim (to„)^/» < V2. 

g— too 

Proof. Denoting again g' = [{g — 1)/2J and using that ri^ < 1 -|- 3 • 2'^^ for i > 3 (see equation ([1])), 
Proposition 14.41 implies that 

g'-3 

mg<l + ig- 1)(2 + g' + 2^) = 1 + (.9 - + 3 • 2^'-^ - 1). 

j=o 

The result follows now taking limits. □ 
In fact, if the conjectured equation Q holds. Proposition 14.41 implies that 

lim (m„)i/f < V0~ 1.27201965. 

g— too 
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